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Abstract
Suppose that a hyperbolic knot in S3 admits a finite surgery, Boyer
and Zhang proved that the surgery slope must be either integral or half-
integral, and they conjectured that the latter case does not happen. Using
the correction terms in Heegaard Floer homology, we prove that if a hy-
perbolic knot in S3 admits a half-integral finite surgery, then the knot
must have the same knot Floer homology as one of eight non-hyperbolic
knots which are known to admit such surgeries, and the resulting mani-
fold must be one of ten spherical space forms. As knot Floer homology
carries a lot of information about the knot, this gives a strong evidence
to Boyer–Zhang’s conjecture.
1 Introduction
Suppose that M is a 3–manifold with torus boundary, α is a slope on ∂M .
Let M(α) be the Dehn filling along α. If M is hyperbolic, Thurston’s Hy-
perbolic Dehn Surgery Theorem says that at most finitely many fillings are
non-hyperbolic. These surgeries are called exceptional surgeries. The famous
Cyclic Surgery Theorem [3] asserts that, if M is not Seifert fibered, α, β are
slopes on ∂M such that both M(α) and M(β) have cyclic fundamental groups,
then ∆(α, β), the distance between α, β, is at most 1. More generally, estimat-
ing the distance between any two exceptional surgery slopes is a central problem
in Dehn surgery.
In [2], Boyer and Zhang proved that if M is hyperbolic, M(α) has finite
fundamental group (or being a finite surgery) andM(β) has cyclic fundamental
group (or being a cyclic surgery), then |∆(α, β)| ≤ 2. In particular, if the p
q
surgery on a hyperbolic knot K ⊂ S3, denoted S3K(pq ), has a finite fundamental
group, then |q| ≤ 2. In fact, Boyer and Zhang made the following conjecture.
Conjecture 1.1. Suppose that K ⊂ S3 is a hyperbolic knot, and that S3K(pq )
has a finite fundamental group, then p
q
must be an integer.
By Perelman’s resolution of the Geometrization Conjecture [17, 18, 19], if
a 3–manifold has a finite fundamental group, then it is necessarily a spherical
1
space form. In order to prove Conjecture 1.1, we only need to rule out T- and
I-type spherical space forms as results of half-integer surgeries, see Section 3 for
more detail.
In this paper, all manifolds are oriented. If Y is an oriented manifold, then
−Y denotes the same manifold with the opposite orientation.
Let T be the exterior of the right hand trefoil, then T(p
q
) is the manifold
obtained by p
q
surgery on the right hand trefoil. It is well-known that any T-
or I-type manifold is homeomorphic to a ±T(p
q
) (see Lemma 3.1).
Let T (p, q) be the (p, q) torus knot, and let [p1, q1; p2, q2] denote the (p1, q1)
cable of T (p2, q2).
Our main result is the following theorem.
Theorem 1.2. Suppose that K ⊂ S3 is a hyperbolic knot, and that the p2 surgery
on K is a spherical space form for some odd integer p > 0, then K has the same
knot Floer homology as either T (5, 2) or a cable of a torus knot (which must be
T (3, 2) or T (5, 2)), and the resulting manifold is homeomorphic to the p2 surgery
on the corresponding torus or cable knot. More precisely, the possible cases are
listed in the following table:
knot type slope resulting manifold
T (5, 2) 17/2 −T(17/2)
T (5, 2) 23/2 T(23/3)
[11, 2; 3, 2] 43/2 T(43/8)
[11, 2; 3, 2] 45/2 T(45/8)
[13, 2; 3, 2] 51/2 T(51/8)
[13, 2; 3, 2] 53/2 T(53/8)
[19, 2; 5, 2] 77/2 −T(77/12)
[21, 2; 5, 2] 83/2 T(83/13)
[17, 3; 3, 2] 103/2 T(103/18)
[19, 3; 3, 2] 113/2 T(113/18)
Here the first column lists the knots with which K shares the same knot Floer
homology.
Bleiler and Hodgeson [1] have classified finite surgeries on all the iterated
torus knots. The knots in the first column above are contained in their list.
The strategy of our proof is to compute the Heegaard Floer correction terms
for the T- and I- type manifolds, then compare them with the correction terms
of the half-integral surgeries on knots in S3. If they match, then the knot Floer
homology of the knots can be recovered from the correction terms.
Heegaard Floer homology has been successfully used in the study of finite
surgery, see, for example, [14, 16, 6, 4]. The point here is that spherical space
forms have the simplest possible Heegaard Floer homology, hence the informa-
tion about the Heegaard Floer homology is completely contained in the correc-
tion terms. We will address this fact in more detail in Section 2.
Knot Floer homology tells us a lot about knots. For example, it detects the
genus [15] and fiberedness [5, 9]. It is reasonable to expect that a knot with
2
the same knot Floer homology as a knot in the above table must be the cor-
responding knot. Moreover, we propose the following conjecture, which would
imply Conjecture 1.1.
Conjecture 1.3. Suppose K ⊂ S3 has an L-space surgery. If all roots of its
Alexander polynomial ∆K(t) are unit roots, then K is an iterated torus knot.
This paper is organized as follows. In Section 2, we recall the basic definition
and properties of the correction terms. In Section 3, we discuss the strategy in
our proof. In Section 4, we will show that half-integral finite surgeries do not
exist when p is sufficiently large by concrete computations involving correction
terms. Our approach in this section is inspired by Gu [7].
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2 Preliminaries on Heegaard Floer homology and
correction terms
Heegaard Floer homology was introduced by Ozsva´th and Szabo´ [11]. Given
a closed oriented 3–manifold Y and a Spinc structure s ∈ Spinc(Y ), one can
define the Heegaard Floer homology ĤF (Y, s), HF+(Y, s), . . . , which are invari-
ants of (Y, s). When s is torsion, there is an absolute Q–grading on HF+(Y, s).
When Y is a rational homology sphere, Ozsva´th and Szabo´ [12] defined a cor-
rection term d(Y, s) ∈ Q, which is basically the shifting of HF+(Y, s) relative
to HF+(S3) in the absolute grading.
The correction terms enjoy the following symmetries:
d(Y, s) = d(Y, Js), d(−Y, s) = −d(Y, s), (1)
where J : Spinc(Y )→ Spinc(Y ) is the conjugation.
Suppose that Y is an integral homology sphere, K ⊂ Y is a knot. Let
YK(p/q) be the manifold obtained by
p
q
–surgery on K. Ozsva´th and Szabo´
defined a natural identification σ : Z/pZ → Spinc(YK(p/q)) [12, 16]. For sim-
plicity, we often use an integer i to denote the Spinc structure σ([i]), when
[i] ∈ Z/pZ is the congruence class of i modulo p.
A rational homology sphere Y is an L-space if rankĤF (Y ) = |H1(Y )|. Ex-
amples of L-spaces include spherical space forms. The information about the
Heegaard Floer homology of an L-space is completely encoded in its correction
terms.
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Let L(p, q) be the lens space obtained by p
q
–surgery on the unknot. The
correction terms for lens spaces can be computed inductively as in [12]:
d(S3, 0) = 0,
d(L(p, q), i) = −1
4
+
(2i+ 1− p− q)2
4pq
− d(L(q, r), j), (2)
where 0 ≤ i < p+q, r and j are the reductions modulo p of q and i, respectively.
For example, using the recursion formula (2), we can compute
d(L(p, 1), i) = −1
4
+
(2i− p)2
4p
d(L(p, 2), i) = −1
4
+
(2i− p− 1)2
8p
− d(L(2, 1), j)
=
(2i− p− 1)2
8p
− 1 + (−1)
i
4
(3)
d(L(3, q), i) =
{
(12 ,− 16 ,− 16 ), q = 1, i = 0, 1, 2
(16 ,
1
6 ,− 12 ), q = 2, i = 0, 1, 2
(4)
d(L(5, q), i) =


(1, 15 ,− 15 ,− 15 , 15 ), q = 1, i = 0, 1, 2, 3, 4
(25 ,
2
5 ,− 25 , 0,− 25 ), q = 2, i = 0, 1, 2, 3, 4
(25 , 0,
2
5 ,− 25 ,− 25 ), q = 3, i = 0, 1, 2, 3, 4
(− 15 , 15 , 15 ,− 15 ,−1), q = 4, i = 0, 1, 2, 3, 4
(5)
Given a null-homologous knot K ⊂ Y , Ozsva´th–Szabo´ [13] and Rasmussen
[20] defined the knot Floer homology. The basic philosophy is, if we know
all the information about the knot Floer homology, then we can compute the
Heegaard Floer homology of all the surgeries on K. In particular, if the p
q
–
surgery on K ⊂ S3 is an L-space surgery, where p, q > 0, then the correction
terms of S3K(p/q) can be computed from the Alexander polynomial ∆K(T ) of
K as follows.
Suppose
∆K(T ) =
∑
i
ait
i.
Define a sequence of integers
ti =
∞∑
j=1
jai+j , i ≥ 0.
then ai can be recovered from ti by
ai = ti−1 − 2ti + ti+1, for i > 0. (6)
If K admits an L-space surgery, then one can prove [16, 20]
ts ≥ 0, ts ≥ ts+1 ≥ ts − 1, tg(K) = 0. (7)
Moreover, the following proposition holds.
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Proposition 2.1. Suppose the p
q
–surgery on K ⊂ S3 is an L-space surgery,
where p, q > 0. Then for any 0 ≤ i ≤ p− 1 we have
d(S3K(p/q), i) = d(L(p, q), i)− 2max{t⌊ i
q
⌋, t⌊ p+q−1−i
q
⌋}.
This formula is contained in Ozsva´th–Szabo´ [16] and Rasmussen [20]. More
general version of this formula can be found in Ni–Wu [10].
Lemma 2.2. Suppose i is an integer satisfying 0 ≤ i < p+ q, then J(σ([i])) is
represented by p+ q − 1− i.
Proof. We only need to examine our result for surgeries on the unknot, as this
is a homological statement.
As in the proof of [12, Proposition 4.8], there is a two-handle addition cobor-
dism X from −L(q, r) to −L(p, q), where r is the reduction of p modulo q. Let
i ∈ {0, 1, . . . , p + q − 1} be a number. Let r and j be the reduction of p and
i modulo q. The proof of [12, Proposition 4.8] shows that there is a Spinc
structure sz(ψi) such that its restriction on −L(p, q) is represented by i and its
restriction on −L(q, r) is represented by j. Moreover,
〈c1(sz(ψi)), H〉 = 2i+ 1− p− q
for a generator H of H2(X).
Now we choose i1, i2 ∈ {0, 1, . . . , p+ q− 1} such that i1+ i2 = p+ q− 1, and
let j1, j2 be the reductions of i1, i2 modulo q. We have
〈c1(sz(ψi1)), H〉 = −〈c1(sz(ψi2)), H〉. (8)
We claim that
H2(X) ∼= H2(X, ∂X) ∼= Z.
In fact, let Y1 = Y3 = −L(q, r), Y2 = −L(p, q). We have exact sequences:
0→ H2(X,Yi)→ H2(X, ∂X)→ H1(Yi+1)→ H1(X,Yi), i = 1, 2,
Since X is a 2–handle cobordism,
H2(X,Y1) ∼= H2(X,Y2) ∼= Z, H1(X,Y1) ∼= H1(X,Y2) ∼= 0.
So the above exact sequences become
0→ Z → H2(X, ∂X)→ Z/pZ→ 0,
0→ Z → H2(X, ∂X)→ Z/qZ → 0.
As gcd(p, q) = 1, it is easy to see H2(X, ∂X) ∼= Z. This finishes the proof of the
claim.
It follows from the claim and (8) that ψi2 = Jψi1 . Hence i2 represents
J(σ([i1])).
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Corollary 2.3. If p is odd, then J : Z/pZ→ Z/pZ has a unique fixed point:
C(p, q) =


p+ q − 1
2
, if q is even,
q − 1
2
, if q is odd.
3 The strategy of our proof
By the Geometrization theorem [17, 18, 19], if a 3–manifold has a finite
fundamental group, then the manifold must be a spherical space form. Besides
S3, there are five types of spherical space forms: C, D, T, O, I. The C-
type manifolds are the lens spaces with cyclic fundamental groups; the D-type
manifolds are Seifert fibered spaces over the orbifold S2(2, 2, n) with dihedral
type fundamental groups; the T-type manifolds are Seifert fibered spaces over
the orbifold S2(2, 3, 3) with tetrahedral type fundamental groups; the O-type
manifolds are Seifert fibered spaces over the orbifold S2(2, 3, 4) with octahedral
type fundamental groups; the I-type manifolds are Seifert fibered spaces over
the orbifold S2(2, 3, 5) with icosahedral type fundamental groups.
It follows from the Cyclic Surgery Theorem [3] that C-type manifolds cannot
be obtained by half-integral surgeries on hyperbolic knots. The D- and O-type
manifolds have even order H1, so they cannot be obtained from half-integral
surgery. We only need to consider T- and I-type manifolds.
Lemma 3.1. Any T-type manifold is homeomorphic to ±T(6n±3
n
) for some
positive integer n with gcd(n, 3) = 1. Any I-type manifold is homeomorphic to
±T(6n±5
n
) for some positive integer n with gcd(n, 5) = 1.
Proof. Suppose Y is a T-type manifold, then it is Seifert fibered over the base
orbifold S2(2, 3, 3). Removing the neighborhood of a multiplicity 3 singular
fiber, we get a Seifert fibered space over the orbifold D2(2, 3). The classification
of Seifert fibered spaces tells us that there is only one such manifold up to
orientation reversal, which is the trefoil complement T. So Y or −Y can be
obtained by Dehn filling on T. The same argument works for I-type manifolds.
Now we consider the problem when we get Seifert fibered spaces with base
orbifold S2(2, 3, 3) and S2(2, 3, 5) by Dehn filling on T. The regular fiber on
∂T has slope 6, so p
q
–filling will create a multiplicity ∆(p
q
, 6) fiber. To get a
Seifert fibered space with base orbifold S2(2, 3, 3) or S2(2, 3, 5), we need to have
∆(p
q
, 6) = 3 or 5. So p
q
= 6n±3
n
or 6n±5
n
for some n > 0.
Let p, q > 0 be coprime integers. Using Proposition 2.1, we get
d(T(p/q), i) = d(L(p, q), i)− 2χ[0,q)(i), (9)
where
χ[0,q)(i) =


1, when 0 ≤ i < q,
0, when q ≤ i < p.
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Suppose S3K(p/2) is a spherical manifold, then by (3) and Proposition 2.1
d(S3K(p/2), i) = d(L(p, 2), i)− 2max{t⌊ i
2
⌋, t⌊ p+1−i
2
⌋}
= −1 + (−1)
i
4
+
(2i− p− 1)2
8p
− 2tmin{⌊ i
2
⌋,⌊ p+1−i
2
⌋}.
If S3K(p/2)
∼= εT(p/q) for ε ∈ {−1, 1}, where “∼=” stands for orientation
preserving homeomorphism, then the two sets
{d(S3K(p/2), i)| i ∈ Z/pZ}, {d(εT(p/q), i)| i ∈ Z/pZ}
are necessarily equal. However, the two parametrizations of Spinc may not be
equal: they could differ by an affine isomorphism of Z/pZ. More precisely, there
exists an affine isomorphism φ : Z/pZ→ Z/pZ, such that
d(S3K(p/2), i) = d(εT(p/q), φ(i)).
This map φ commutes with J , so it follows from Corollary 2.3 that φ(C(p, 2)) =
C(p, q). For any integer a, define φa : Z/pZ→ Z/pZ by
φa(i) = a
(
i− C(p, 2))+ C(p, q). (10)
By (1) and Lemma 2.2, d(T(p/q), φa(i)) = d(T(p/q), φp−a(i)). So we may
assume
d(S3K(p/2), i) = εd(T(p/q), φa(i)), for any i ∈ Z/pZ,
and for some a satisfying
0 < a <
p
2
, gcd(p, a) = 1. (11)
Let
δεa(i) = d(L(p, 2), i)− εd(T(p/q), φa(i)). (12)
By Proposition 2.1, we should have
δεa(i) = 2tmin{⌊ i
2
⌋,⌊ p+1−i
2
⌋} (13)
if S3K(p/2)
∼= εT(p/q) and φa (or φp−a) identifies their Spinc structures.
Proof of Theorem 1.2. We will compute the correction terms of the T- and I-
type manifolds using (9). For all a satisfying (11), we compute the sequence
δεa(i). Then we check if this sequence satisfies (13) for any {ts} as in (7). By
Proposition 4.1, the equality (13) does not hold when p is sufficiently large.
For small p, a direct computer search reveals all the possible p/q, which are
exactly 7/2 and the numbers given in the table in Theorem 1.2. We also get the
correction terms, from which we can recover the Alexander polynomials using
(13) and (6). By [14], we can get the knot Floer homology of the corresponding
knots, which should be the knot Floer homology of either T3,2, or T5,2, or their
cable knots as in the table in Theorem 1.2. By Ghiggini [5], if the knot Floer
homology is the same as that of T3,2, then the knot must be T3,2. So we are left
with the knots corresponding to the knots in the table in Theorem 1.2.
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4 The case when p is large
In this section, we will assume that S3K(p/2)
∼= εT(p/q), and
p = 6q + ζr, r ∈ {3, 5}, ε, ζ ∈ {1,−1}.
We will prove that this does not happen when p is sufficiently large. More
precisely, we will show:
Proposition 4.1. If p ≥ 192r(36r + 2)2, then S3K(p/2) 6∼= εT(p/q), where
p = 6q + ζr, r ∈ {3, 5}.
Remark 4.2. As the reader may find, the bound 192r(36r+2)2 can be greatly
decreased by carefully improving our estimate. The first author has carried out
a case-by-case analysis, which shows that p cannot be greater than 6, 000. Our
computer search is based on this more practical bound, rather than Proposi-
tion 4.1.
Let s ∈ {0, 1, . . . , r − 1} be the reduction of q modulo r. For any integer n,
let θ(n) ∈ {0, 1} be the reduction of n modulo 2, and let θ¯(n) = 1− θ(n).
The equation (10) becomes
φa(i) = a(i− p+ 1
2
) +
θ¯(q)p+ q − 1
2
.
Using (3), (9) and (12), we get
δεa(i) = d(L(p, 2), i)− εd(T(p/q), φa(i))
=
(2i− p− 1)2
8p
− θ¯(i)
2
− εd(L(p, q), φa(i)) + 2εχ[0,q)(φa(i)). (14)
Lemma 4.3. Assume that S3K(p/2)
∼= εT(p/q). Let m ∈ {0, 1, 2, 3} satisfy that
0 ≤ a−mq + θ¯(q)ζr + q − 1
2
< q,
then ∣∣∣a− mp
6
∣∣∣ <
√
4rp
3
.
Proof. Since S3K(p/2)
∼= εT(p/q), there exists an integer a satisfying (11) such
that (13) holds. It follows from (7) and (13) that
δεa(
p+ 3
2
)− δεa(
p+ 1
2
) = 0 or 2. (15)
Using (14), we get
δεa(
p+ 3
2
)− δεa(
p+ 1
2
)
8
=
1
2p
− θ¯(
p+3
2 )
2
− εd(L(p, q), a+ θ¯(q)p+ q − 1
2
) + 2εχ[0,q)(a+
θ¯(q)p+ q − 1
2
)
+
θ¯(p+12 )
2
+ εd(L(p, q),
θ¯(q)p+ q − 1
2
)− 2εχ[0,q)(
θ¯(q)p+ q − 1
2
). (16)
Let
C0 = εζ
(
−d(L(r, s), a−mq + θ¯(q)ζr + q − 1
2
) + d(L(r, s),
θ¯(q)ζr + q − 1
2
)
)
+
1
2p
+
1
2
− θ(p+ 1
2
) + 2ε
(
χ[0,q)(a+
θ¯(q)p+ q − 1
2
)− χ[0,q)(
θ¯(q)p+ q − 1
2
)
)
.
When ζ = 1, by the recursive formula (2), the right hand side of (16) becomes
ε
(−(2a− θ(q)p)2 + (θ(q)p)2
4pq
+ d(L(q, r), a −mq + θ¯(q)r + q − 1
2
)
−d(L(q, r), θ¯(q)r + q − 1
2
)
)
+
1
2p
+
1
2
− θ(p+ 1
2
) + 2ε
(
χ[0,q)(a+
θ¯(q)p+ q − 1
2
)− χ[0,q)(
θ¯(q)p+ q − 1
2
)
)
= ε
(
−a
2
pq
+
θ(q)a
q
+
(2a− 2mq − θ(q)r)2 − (θ(q)r)2
4qr
)
+ C0
= ε
(
6
pr
(a− mp
6
)2 − m
2 − 6mθ(q)
6
)
+ C0.
When ζ = −1, the right hand side of (16) becomes
ε
(−(2a− θ(q)p)2 + (θ(q)p)2
4pq
+ d(L(q, q − r), a−mq + −θ¯(q)r + q − 1
2
)
−d(L(q, q − r), −θ¯(q)r + q − 1
2
)
)
+
1
2p
+
1
2
− θ(p+ 1
2
) + 2ε
(
χ[0,q)(a+
θ¯(q)p+ q − 1
2
)− χ[0,q)(
θ¯(q)p+ q − 1
2
)
)
= ε
(
−a
2
pq
+
θ(q)a
q
+
(2a− 2mq + θ(q)r − q)2 − (θ(q)r − q)2
4q(q − r)
−d(L(q − r, r), a−mq + −θ¯(q)r + q − 1
2
) + d(L(q − r, r), −θ¯(q)r + q − 1
2
)
)
+
1
2p
+
1
2
− θ(p+ 1
2
) + 2ε
(
χ[0,q)(a+
θ¯(q)p+ q − 1
2
)− χ[0,q)(
θ¯(q)p+ q − 1
2
)
)
= ε
(
−a
2
pq
+
θ(q)a
q
+
(a−mq + θ(q)r − q)(a−mq)
q(q − r) −
(a−mq − θ¯(q)r)(a −mq)
(q − r)r
)
+ C0
= ε
(
−a
2
pq
+
θ(q)a
q
− (a−mq + θ(q)r)(a −mq)
qr
)
+ C0
9
= ε
(
− 6
pr
(a− mp
6
)2 − m
2 − 6mθ(q)
6
)
+ C0.
Using (4), (5), we have
|C0| ≤ 6
5
+
1
2p
+
1
2
+ 2 =
37
10
+
1
2p
<
9
2
.
Moreover, |m2−6mθ(q)6 | ≤ 32 . It follows from (15) that∣∣∣∣ 6pr (a− mp6 )2
∣∣∣∣ ≤ 2 + 32 + 92 = 8,
so our conclusion holds.
Lemma 4.4. Let k be an integer satisfying
0 ≤ k < 1
48
p− 13r + 6√
3rp
− 1
6
. (17)
Let
ik =
θ¯(q)p+ q − 1
2
+ a(6k)− kmp, jk = θ¯(q)ζr + q − 1
2
+ a(6k)− kmp.
Then
δεa(
p+ 1
2
+ 6k + 1)− δεa(
p+ 1
2
+ 6k) = Ak +B + Ck,
where
A = εζ · 2(6a−mp)
2
pr
+
6
p
,
B = ε
(
6ζ
pr
(a− mp
6
)2 − m
2 − 6mθ(q)
6
)
,
Ck = εζ
(− d(L(r, s), jk + a−mq) + d(L(r, s), jk))
+
1
2p
+
1
2
− θ(p+ 1
2
) + 2εχ[0,q)(ik + a)− 2εχ[0,q)(ik).
Proof. By (17), we have
(6k + 1)
√
4rp
3
<
p− 13r + 6
12
≤ q − 2r + 1
2
. (18)
It follows from (11), (18) and Lemma 4.3 that
0 ≤ ik < ik + a < p+ q, 0 ≤ jk, jk + a−mq < q. (19)
For example,
jk + a−mq = jk + a−mp− ζr
6
10
=
θ¯(q)ζr + q − 1
2
+ (6k + 1)(a− mp
6
) +
mζr
6
<
r + q − 1
2
+
q − 2r + 1
2
+
r
2
= q.
Similar argument shows other inequalities.
Using (14), we can compute
δεa(
p+ 1
2
+ 6k + 1)− δεa(
p+ 1
2
+ 6k)
=
(6k + 1)2
2p
− θ¯(
p+1
2 + 6k + 1)
2
− εd(L(p, q), ik + a) + 2εχ[0,q)(ik + a)
− (6k)
2
2p
+
θ¯(p+12 + 6k)
2
+ εd(L(p, q), ik)− 2εχ[0,q)(ik). (20)
When ζ = 1, using (19) and the recursion formula (2), the right hand side of
(20) becomes
ε
(−(2ik + 2a+ 1− p− q)2 + (2ik + 1− p− q)2
4pq
+ d(L(q, r), jk + a−mq)− d(L(q, r), jk)
)
+
12k + 1
2p
+
1
2
− θ(p+ 1
2
) + 2εχ[0,q)(ik + a)− 2εχ[0,q)(ik)
= ε
(−a(a(12k + 1)− 2kmp− θ(q)p)
pq
+
(2jk + 2a− 2mq + 1− q − r)2 − (2jk + 1− q − r)2
4qr
)
+
6k
p
+ Ck
= ε
(−a(a(12k + 1)− 2kmp− θ(q)p)
pq
+
(a−mq)((12k + 1)a− 2kmp−mq − θ(q)r)
qr
)
+
6k
p
+ Ck
= Ak +B + Ck.
When ζ = −1, the right hand side of (20) becomes
ε
(−(2ik + 2a+ 1− p− q)2 + (2ik + 1− p− q)2
4pq
+ d(L(q, q − r), jk + a−mq)− d(L(q, q − r), jk)
)
+
12k + 1
2p
+
1
2
− θ(p+ 1
2
) + 2εχ[0,q)(ik + a)− 2εχ[0,q)(ik)
= ε
(−a(a(12k + 1)− 2kmp− θ(q)p)
pq
+
(2jk + 2a− 2mq + 1− 2q + r)2 − (2jk + 1− 2q + r)2
4q(q − r)
−d(L(q − r, r), jk + a−mq) + d(L(q − r, r), jk)
)
+
12k + 1
2p
+
1
2
− θ(p+ 1
2
) + 2εχ[0,q)(ik + a)− 2εχ[0,q)(ik)
11
= ε
(−a(a(12k + 1)− 2kmp− θ(q)p)
pq
+
(a−mq)(−θ¯(q)r + 12ka− 2kmp+ a−mq − q + r)
q(q − r)
− (2jk + 2a− 2mq + 1− q)
2 − (2jk + 1− q)2
4(q − r)r
)
+
6k
p
+ Ck
= ε
(−a(a(12k + 1)− 2kmp− θ(q)p)
pq
− (a−mq)((12k + 1)a− 2kmp−mq + θ(q)r)
qr
)
+
6k
p
+ Ck
= Ak +B + Ck.
Proof of Proposition 4.1. If S3K(p/2)
∼= εT(p/q), then (13) holds, so
δεa(
p+ 1
2
+ 6k + 1)− δεa(
p+ 1
2
+ 6k) = 0 or 2 (21)
for all k satisfying (17). If p ≥ 192r(36r+ 2)2, then
(6 · 6r + 1) · 8
√
3r ≤ √p− 1 < p− 13r + 6√
p
,
hence k = 6r satisfies (17).
Let A,B,Ck be as in Lemma 4.4. If A 6= 0, then Ak + B + C is equal to 0
or 2 for at most two values of k for any given C. Given p, q, a, ε, ζ, as k varies,
Ck can take at most 3r values. It follows that Ak + B + Ck can not be 0 or 2
for k = 0, 1, . . . , 6r. As a consequence, if p ≥ 192r(36r+2)2, then (21) does not
hold.
The remaining case we need to consider is that A = 0. In this case
r = 3, εζ = −1, 6a−mp = ±3. (22)
So
B + Ck = d(L(3, s), jk + a−mq)− d(L(3, s), jk) + 1
2
− εm
2
6
−θ(p+ 1
2
) + ε
(
mθ(q) + 2χ[0,q)(ik + a)− 2χ[0,q)(ik)
)
. (23)
Note that the second row in the above expression is always an integer. Using
(4), the value of d(L(3, s), jk + a−mq)− d(L(3, s), jk) is 0 or ± 23 , so B +Ck is
an integer only if m = 1 or 3.
If m = 3, then a = p−12 ≡ 1 (mod 3). Since
jk =
3ζθ¯(q) + q − 1
2
+ a(6k)− kmp ≡ 1− s (mod 3),
it follows from (4) that
d(L(3, s), jk+a−mq)−d(L(3, s), jk) = d(L(3, s), 2−s)−d(L(3, s), 1−s) = ±2
3
,
12
so B + Ck is not an integer.
If m = 1, a = p±36 ∈ {q, q + ζ}. If a = q, B + Ck is not an integer. So we
must have a = q + ζ. Consider the first row on the right hand side of (23) and
let k = 0, we get
d(L(3, s), 1− s+ ζ)− d(L(3, s), 1− s) + 1
2
− ε
6
.
Since this number is an integer, using (4), we get
s =
{
2, if ε = 1,
1, if ε = −1.
We consider δεa(6)− δεa(7), which is 0 by (13).
If ε = 1, it follows from (22) that ζ = −1. Since a = q + ζ = q − 1, we can
compute
φa(6) = (q − 1)(6− p+ 1
2
) +
θ¯(q)p+ q − 1
2
≡ 6q − 6 (mod p).
So we have
δ+1a (6)− δ+1a (7)
=
(11− p)2
8p
− 1
2
− d(L(p, q), 6q − 6)− (13− p)
2
8p
+ d(L(p, q), q − 4)− 2
=
p− 12
2p
− 1
2
− (5q − 8)
2 − (−5q − 4)2
4pq
+ d(L(q, q − 3), q − 6)− d(L(q, q − 3), q − 4)− 2
= −6
p
+
30q − 12
pq
+
(−8)2 − (−4)2
4q(q − 3) − d(L(q − 3, 3), q − 6) + d(L(q − 3, 3), q − 4)− 2
= −6
p
+
30q − 12
pq
+
12
q(q − 3) −
(q − 11)2 − (q − 7)2
12(q − 3) + d(L(3, 2), 2)− d(L(3, 2), 1)− 2
= −2,
a contradiction.
If ε = −1, then ζ = 1. Since a = q + ζ = q + 1, we get
φa(6) = (q + 1)(6 − p+ 1
2
) +
θ¯(q)p+ q − 1
2
≡ 2 (mod p).
So we have
δ−1a (6)− δ−1a (7)
=
(11− p)2
8p
− 1
2
+ d(L(p, q), 2)− 2− (13− p)
2
8p
− d(L(p, q), q + 3)
=
p− 12
2p
− 1
2
+
(5− p− q)2 − (2q + 7− p− q)2
4pq
− d(L(q, 3), 2) + d(L(q, 3), 3)− 2
= −6
p
+
(q + 1)(p− 6)
pq
− (5 − q − 3)
2 − (7− q − 3)2
12q
+ d(L(3, 1), 2)− d(L(3, 1), 0)− 2
= −2,
a contradiction.
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